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SIMULATING PHYSICS
WITH NUMERICAL
INTEGRATION




WHY? \
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AN EASY

PROBLEM

The classic mass on a spring
ma = —kx

P = —wlr, w= i

™m

z(t) = Asin (wt + ¢)




A SMALL ADJUSTMENT

Adding a term to make it more realistic

ma = —kr — ar’
—ka —ax’
_I_ —

m m

Ain't no easy way to solve it now
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VECTOR FIELDS

Given the following ODE

—m:2a:

Just follow the arrows!

(Needs a starting point)
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APPROXIMATE IT

Given the same ODE

d
—:B:Za:

dt

Approximate x incrementally

o =Y =Y Tl T, T, . =Y T T [ T Tk = Tk T
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FORWARD EULER

Tpil = Ty T hf(mna tn)

b Stop si Initial conditions
: Step Size
£ 0: Starting x value

L 5, : Current value L
T :Starting time

L 11 :Next value

t,, = to + nh:curenttime




FORWARD EULER

dx
— = 2 h=0.1
dt
(zg=1,t6=0): 21 =1+0.1-2
(:2’51:]_.2, t1:0.1): ro =1.2+0.1-24

(.’132 — 1.44, to = 02)




FORWARD EULER

Where from?

Taylor Series!

2(8) = (@) + #(a)(t — a) + #(a) L —Y

2
z(a + h) = z(a) + hz(a) + O(h?)

z(tni1) = z(tn) + hi(t,) + O(h?)

- O(t°)




BACKWARD EULER

Tpil = Ty T hf(mn—kla tn—i—l)

But it uses the next value that |
don't have?

Just use forward Euler to
approximate

Ln+1




RUNGE-KUTTA (RK)

1
Lnitl — Ln | 6 (k‘l —+ 2k2 —+ 2]{}3 + k4)

kl — hf(tnamn)a
h
ko = hf(t, + —,x,

A family of methods of
k1 ), any order.

2 2

h ko More accurate but
ks = hf(t, + 5 Tn | > ), more expensive.
ky = hf(tn + h,z, + ks)- On the left is RK4.




WHAT ABOUT SECOND ORDER ODES?

Most real life systems have acceleration, which is a second
order term.

You can use the previous methods by simply converting it
into a systems of first order ODEs, which you can then solve

normally!
Starting ODE New variables ODE transformed into system
L 1 — L T 1 = T 9

= —x w=-p
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SYMPLECTIC METHODS

Nice methods that have the
sweet property of bounding the
error on the total energy.

Forward Euler: Will drift overtime and explode
Backward Euler: Will drift overtime and die out
Runge-Kutta: Very nice, but will still drift anad
lose/gain energy over time.




SEMI IMPLICIT EULER

Update velocity first, then position.
Uses a simple explicit method (Similar to Forward Euler)

T = f(t, x, T)
Un+1 = Un T hf(tna wn)
Tpil = Ty T h - Un+1




EXAMPLES!
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EXPONENTIAL 1 = 21

t():O, iL‘():].

X =2x, with: h = 0.02, t, = 0, Xp = [1]

ImplicitEuler
ExplicitEuler
RK2

RK4

Solution

0.00

0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00




52.48 4

52.46 4

52.44 4

x 52.42 |

52.40 1

52.38 1

EXPONENTIAL o = 27
to — 0, L) — 1

X =2x, with: h = 0.02, t, = 0, X, = [1]

—— ImplicitEuler
—— ExplicitEuler
— RK2
RK4
Solution

—0.0006

—0.0004 —0.0002 0.0000 0.0002
t +1.98
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EXPONENTIAL 2 = 21

t():O, 2130:1

X=2x, with: h = 0.2, to = 0, Xo = [1]

ImplicitEuler
ExplicitEuler
RK2
RK4
Solution

0.00

0.25 0.50 0.75 1.00 1.25 1.50 1.75




PARABOLIC o = —2t

X =—2t, with: h = 0.2, to = -25, X, = [-625] to o 07 Ly — -
0- —— ImplicitEuler
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— RK2
—100 -
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PARABOLIC o = —2t

X = —2t, with: h = 1, ty = -25, X, = [-625] tO — 07 Lo — 1

0. — ImplicitEuler
—— ExplicitEuler
—— RK2
1007 RK4
Solution
-200 -
X —300 -
—400 -
-500 -
-600 -
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SPRING MASS ¢ — —1

X =—x, with: h=0.1, t, = 0, X, = [0, 1]

to=0, zg =0, vg = 1m/s

151 —— ImplicitEuler
—— ExplicitEuler
0. —— RK2
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‘| Semilmplicit
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SPRINGMASS ¢ = —

X=—x, with: h = 0.1, t, = 0, Xo = [0, 1] to =0, zg =0, vg = 1m/s

— ImplicitEuler
1.0+ —— ExplicitEuler
/ —— RK2
RK4
0.54 Semilmplicit
/' Solution
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amplitude (m)
o

SPRING MASS 7 = —7

X=—x, with:h= 0.1, t, = 0, Xy = [0, 1] to=0,290=0, vg = lm/s

ImplicitEuler
RK2
RK4
Semilmplicit
Solution
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time (s)




ORBIT

£(t) = —1/r2, with: h = 0.01, ty = 0, Xo = [0, 1, 1, 0]

—— ImplicitEuler
—— ExplicitEuler

| —— RK2

—— RK4
Semilmplicit
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ORBIT

F(t) = —F/r2, with: h = 0.3, t
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H(t) = —1/r2, with: h = 0.3, t, = 0, Xo = [0, 1, 1, 0]
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Ok SO what
should I use?

Semi Implicit Euler is probably good enough.

If you want more symplectic methods,
search up Verlet integration.
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